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Abstract 

Double Field Theory provides a geometric framework capable of describing string theory backgrounds 
that cannot be understood purely in terms of Riemannian geometry - not only globally (‘non-geometry’), 
but even locally (‘non-Riemannian’). In this work, we show that the non-relativistic closed string the¬ 
ory of Gomis and Ooguri [1] arises precisely as such a non-Riemannian string background, and that 
the Gomis-Ooguri sigma model is equivalent to the Double Field Theory sigma model of [2] on this 
background. We further show that the target-space formulation of Double Field Theory on this non- 
Riemannian background correctly reproduces the appropriate sector of the Gomis-Ooguri string spec¬ 
trum. To do this, we develop a general semi-covariant formalism describing perturbations in Double 
Field Theory. We derive compact expressions for the linearized equations of motion around a generic 
on-shell background, and construct the corresponding fluctuation Lagrangian in terms of novel com¬ 
pletely covariant second order differential operators. We also present a new non-Riemannian solution 
featuring Schrodinger conformal symmetry. 
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1 Introduction 


While superstring theory in ten dimensions has only a few maximally symmetric vacua (ten dimensional 
flat Minkowski spacetime, pp-wave backgrounds. Anti de Sitter spacetime), its supersymmetric compactifi- 
cation down to four spacetime dimensions over a six-dimensional internal manifold already exhibits a vast 


number of string vacua [3U4J]. All these vacua have in common that they are ‘geometric’: they are described 
in terms of local coordinate patches glued by the transition functions of differential geometry, and equipped 
with a (pseudo-)Riemannian metric and other fields transforming in various representations of the Lorentz 
group. Besides such geometric vacua, it is not unreasonable to expect that string theory as a theory of 
quantum gravity may also allow configurations that are intrinsically ‘non-geometric’, i.e., ones that cannot 
be understood within the framework of Riemannian geometry. Indeed, large classes of what one could call 
‘mildly non-geometric’ compactifications down to four spacetime dimensions, i.e., compactifications which 
are locally geometric but have global non-geometric features, have been identified ibib]- If we believe that 
string theory describes the universe we live in, we hence cannot ignore the possibility that we live in a vac¬ 
uum of string theory with genuinely non-geometric structure. The question of how many vacua or classes 
thereof, and of which nature, string theory actually allows, is hence of fundamental importance. In order to 
answer this question, we need formulations of string theory which go beyond usual supergravity and hence 


icyc 

iffll 


can describe non-geometric backgrounds. Double Field Theory (DFT) |7|-12] is such a formulation^ In this 
work we will use DFT to describe a particularly interesting kind of non-geometric background on which the 
non-relativistic string theory ci la Gomis and Ooguri [ 1] is formulated in a systematic way. We will show i) 
how its CFT fits into a the DFT sigma model of [^], ii) how it arises as a solution of the DFT target space 
equations of motion, and that Hi) this target space theory correctly reproduces the string worldsheet spectrum 


of excitations described in (1[]. For earlier work on DFT or doubled sigma models, see refs. 0422]. 

Another motivation for our work comes from the desire to find and efficiently analyze solvable string 
backgrounds from the world sheet perspective, i.e. from the point of view of the (super)string sigma model. 



coupled condensed matter systems, which often enjoy non-relativistic (e.g., Galilean, Schrodinger, Lifshitz) 
rather than relativistic symmetries. Historically, the first example of such a sigma model was the non- 
relativistic closed string theory developed by Gomis and Ooguri in [lj], which will be at the heart of this 


'For further guidance to the literature, we refer readers to Refs. II 314 1 
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work. We will in particular clarify the non-geometric nature of this string theory background by describing 
it via the DFT sigma model of Ref. [2]. We hope that this study will lead to a better general understanding 
of the properties of non-relativistic vacua in string theory —similar to how recent studies of non-relativistic 
gravity [33-40] were partially inspired by condensed matter applications— and further to additional insight 


into the structure of gravity itself. 

DFT £-12,0] is a formulation of (super)gravity in D dimensions which makes the T-duality sym¬ 
metries |42-46] of the (super)string manifest. It begins by replacing standard D-dimensional spacetime 
with a 2/9-dimcnsional doubled geometry I 1 6 - Tsll . equipped with doubled coordinates x M = (.xp, xJ l ). 
The tangent space of doubled geometry is equipped with an O (D, D) invariant metric Jmn, which in the 
coordinates x M takes the off-diagonal form. 


Jmn = 


/ 


V 


0 


6 ^ 

0 


(1.1) 


Because the standard spacetime diffeomorphisms cannot preserve such a structure, the structure group of 
the manifold must be modified, and hence the action of the Lie derivative as well. The generalized Lie 
derivative preserving Jab takes the form 

n 

C x T Al ... An := X B 8 B T Al ... An + ud B X B T Al ... An + £( d Ai X B - d B X Ai )T Al ... Ai _, B Ai+1 ... An . (1.2) 

i= 1 

where ui denotes the weight of T Al ... An , and all the 0(1). D ) vector indices can be freely raised and low¬ 
ered by the O( I). D) invariant constant metric Jmn- The generalized Lie derivative unities the Riemannian 
diffeomorphism and the /i-licld gauge symmetry, similar to the construction used in Generalized Geome¬ 
try [47|-{52]. The symmetries of DFT become the generalized diffeomoiphisms generated by the generalized 
Lie derivative, together with the global O (D, D ) rotations comprising the T-duality group |{s[ 47, 50]. 

While the doubling of the spacetime coordinates makes T-duality symmetry manifest, it obviously in¬ 
troduces too many spacetime dimensions, and a mechanism is needed to maintain only the physical number 
of dimensions. In DFT, this reduction occurs by means of a section condition. One first imposes a second 
order differential constraint on all objects constructed from local fields, 


d A d A = 0. 


(1.3) 


In particular, imposing this condition on the product of any two DFT fields implies that d A (j)id A (j )2 = 
0. The most general solution to this constraint corresponds to choosing a polarization, or section condition. 
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on the tangent space: i.e., we choose a D-dimensional subspace that is totally null with respect to Jab, and 
require all fields to have vanishing derivative orthogonal to this subspace. Such a polarization provides a 
natural decomposition of the coordinates into two sets as above, of the form x A = (Jp,,. x u ), with “ordinary” 
coordinates, x v , and T-dual “winding” coordinates, x t ,. We will generally fix a section by enforcing that all 
the fields are independent of the dual winding directions, 


9 $ 
dx M 


(1.4) 


This solves the section condition (11.31) . and DFT then reduces to the familiar low energy effective actions of 
closed (super)string theory. During this procedure, supergravity loses manifest O(D,D) symmetry. Note 
that the group of O(D,D) transformations changes the section condition while preserving the invariant 
metric Jab- 

Technically, the section condition ensures the closure of the algebra of generalized Lie derivatives (11.21) . 
and also that arbitrary functions and their arbitrary derivatives, denoted collectively by <f>, are invariant under 
the coordinate gauge symmetry shift as 


<£>(x + A) = , 






Geometrically it means that [2, 53] DFT employs a doubled-yet-gauged coordinate system for the descrip¬ 
tion of a D-dimensional spacetime: the doubled coordinate system is equipped with an equivalence relation, 

x A ~ x A + f(x)d A ip(x) (1.6) 


where f, cp are DFT fields, and each equivalence class, or gauge orbit, represents a single physical point. 
The diffeomorphism symmetry means an invariance under arbitrary reparametrizations of the gauge orbits. 

In DFT, the geometrical field variables are the 0(D, D) singlet (modified) dilaton, d, and the 0(D, D) 
covariant generalized metric, Hab- The DFT dilaton d is related to the standard string dilaton field cp by 
e~ 2d = J—ge~ 2 ^, making e~ 2,1 a scalar density of unit weight, while the generalized metric is defined as a 
symmetric 0(D,D) element, i.e., it satisfies 


/ Hab = / Hba, T-La c T~Lb d Jcd = Jab ■ 

By adopting the block off-diagonal form (II.lb of Jab, the generalized metric Hab also naturally decom¬ 
poses into four D x D blocks. Now, with respect to the “canonical” choice of the section (PI) . if we assume 
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the upper left symmetric block to be non-degenerate and identified with the inverse of a Riemannian metric, 
it is straightforward to check that the remaining components are determined by a two-form field B, 


7-Lab = 



Gfj,ii — G u/ i , 


det (G^) / 0. 


Bun — Bufi. 


(1.8) 

Of course, this parametrization is by no means unique. Though it can be a preferred choice for the canonical 
section CCS , one may also perform field redefinitions which change the above identification, c.f. e.g. [5411. 

DFT is also well-defined in the cases where the generalized metric 7-Lab is an element of 0(1). D), but 
the upper left block in it is degenerate. In this case, the generalized metric does not allow any Riemannian 
interpretation. Nevertheless, DFT makes perfect sense even for such a non-Riemannian background. The 
analysis of such backgrounds, in particular the one describing the non-relativistic closed string theory of [ 1], 
is the main focus of this work. What is known so far about the behavior of DFT in non-geometric back¬ 
grounds ( c.f. 1131-151 and references therein) indicates that DFT may provide a novel theoretical framework 
to formulate string theory, alternative to, or generalizing, the conventional Riemannian setup. In particu¬ 
lar the geometric implementation of the section condition as a doubled-yet-gauged spacetime [53] allowed 
to formulate a string worldsheet theory [2] with the doubled spacetime coordinates being dynamical fields 
1 5, H 0] in which the coordinate gauge symmetry (11.61) is realized as a usual gauge symmetry on the 
worldsheet. This string action couples to an arbitrarily curved generalized metric and dilaton, and is still 
completely covariant with respect to the coordinate gauge symmetry, DFT diffeomorphisms (11.21) . Of D. D) 
T-duality, and the usual world-sheet diffeomorphisms as well as world-sheet Weyl symmetry. While it re¬ 
duces to the standard Polyakov string action in the above-described Riemannian case (11.81) . it can also go 
beyond and in principle describe non-Riemannian backgrounds. We will make this explicit in this work by 


-geo 

m 


finding the non-geometric background which reduces the DFT sigma model of [^] to the non-relativistic 


closed string of [ 1], and show that the target space DFT equations of motion correctly reproduce the pertur¬ 
bative spectrum of |l|, including the winding mode sector. 

The remainder of this work is organized as follows: In section [2j we start by reviewing the ‘semi¬ 
covariant’ formulation of DFT for the NS-NS sector. We then derive a compact form of the Lagrangian 
expanded to second order in fluctuations around a generic background, in terms of completely covariantized 
differential operators. This is one main result of the paper. In section [3] we introduce the DFT sigma model 


of |Q], elaborate on the distinction between geometric and non-geometric (non-Riemannian) backgrounds, 


and then derive the non-Riemannian background corresponding to the non-relativistic closed string of [1]. 
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In section [4] we present the other main result of this work, the spectrum of linear perturbations around 
the non-Riemannian DFT background for non-relativistic closed string theory. On the way, we obtain the 
explicit realization of the Bargmann algebra on the target space DFT manifold, and also present a novel 
DFT background with Schrodinger conformal symmetry. We end with conclusions as well as an outlook 
on future research directions in section [5] Some technical details of the derivations can be found in the 
Appendix. 


2 Linearized Perturbations in Double Field Theory 


The analysis of linear perturbations around gravitational backgrounds yields important information about 
the spectrum of physical excitations, as well as possible pathologies such as tachyonic or ghost instabilities. 


The starting point of our work is the semi-covariant formulation of bosonic (NS-NS sector) DFT 55 


m, 


which we review in section 12.11 We then analyze the fluctuations around a generic background, deriving 
a compact form of the Lagrangian to second order in fluctuations and expressing the resulting fluctuation 
equations of motion in terms of completely covariantized semi-covariant derivatives. Section [231 is devoted 
to proving the covariance of these equations, and in the course we also derive a novel completely covariant 
2 nd order differential operator. 


2.1 Semi-Covariant Formulation of Double Field Theory 


The scmi-covariant formulation of DFT [55,156] (c.f. also [57]) expresses all quantities in terms of the 
symmetric tensors 


Pab = \{Jab + Pab) , Pab = \{Jab — 7~Lab ) • @.l) 

Because the generalized metric 7~Lab is an element of 0(1). D), these give rise to complementary projection 
operators P A B = J AC Pcb> P A b = J AC Pc B- That is, these matrices satisfy 

P 2 = P, P 2 = P, PP = 0, P + P = 1. (2.2) 


The most geometric way to formulate DFT is to introduce a connection that preserves the relevant geometric 
structures — in this case, P, P, and the DFT dilaton d. One can show that these objects are all covariantly 
constant with respect to the semi-covariant derivative [55, 


V c T Al -A n = d c T Al -A n - ujF b bcTa^-Ak + ^ T CAi B T Al -, 


• ••Am 


(2.3) 


i =1 
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where the torsionless DFT connection T CA B is defined by 

T C ab = 2 (Pd c PP) [AB] + 2 (. P [a d P B] e ~ P[A D Pb] E ) SdPec 

(2.4) 

-jh ( Pc[aPb] D + Pc[aPb] D ) ( d D d + ( Pd E PP) [ED] ) . 

“Semi-covariant” refers to the fact that the semi-covariant derivative of a tensor T Al -A n fails to be itself 
a tensor: its transformation 5 X V cT Al —A n under an infinitesimal generalized diffeomorphism X A is not 
equal to the generalized Lie derivative cT Al -A n of (11.21) . Rather, 

n 

(S X -C X )V c T Al ... An = £ 2(P+V) CAi BFDE d F d [D X^T Al ... Ai _ lBA ^ 1 ... An . (2.5) 

2—1 

Here we have introduced six-index projection operators 

Vcab def := P C D P [A [E P B] F] + ThPciAPB] [E P F]D , Vcab def Vdef ghi = Vcab ghi , 

Vcab def := Pc d P [ a [e P B] f] + , Vcab def Vdee gh1 = Pcab ghi , 

(2.6) 

which are traceless (V A abdef = 0 and P a A bdef = 0) and satisfy the symmetry properties 

VCABDEF = PDEFCAB = Pc[AB]D[EF] , PCABDEF = PdEFCAB = Pc[AB]D[EF] ■ ^-7) 

It is useful to note that F cab is the unique connection parallelizing d, P and P, 

= -\e 2d X A {e~ 2d ) = d A d + \T b B a = 0, V a Pbc = 0, X7 a Pbc = 0, (2.8) 

and which also satisfies the vanishing properties r C {AB) = ^[ABC] = {P + P)cab DFF P def = 0. 

As we so-far have not defined a purely covariant derivative (which we will do in section [23] ). we must be 
careful that the objects built from the semi-covariant derivative X A that appear in actions and equations of 
motion satisfy ‘<5* = Lx — that their transformation under infinitesimal generalized diffeomorphisms 
is equal to the generalized Lie derivative. We call such an object completely covariant. 

The natural Riemann-like curvature constructed from the connection r cab is the semi-covariant cur¬ 
vature, 

Sabcd '■= \{Rabcd + Rcdab — P E abPecd) i (2.9) 

where Rc dab is the familiar Riemannian expression for the conventional curvature, 

Rcdab '■= 9aPbcd — 9bPacd + r ac E ^bed — P bc E P aed • (2.10) 
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Using these objects we can give a simple expression for the Lagrangian in NS-NS sector of DFT [ 12, 56, 58]: 

C = \e~ 2d [(P^CpBD _ pACpBD^ SABCD _ 2A ] ; ( 2 . 11 ) 


where A is the DFT version of the cosmological constant [56]. The complete covariance of this Lagrangian 
will be reviewed in section 1231 where we also identify novel completely covariant differential operators. 


2.2 Covariant Analysis of Linearized Perturbations 

In this subsection we derive a fully covariant formula for all quadratic fluctuations around an on-shell back¬ 
ground of the DFT Lagrangian (12.1 11 1. The resulting formula, (12.231) . is in particular completely covariant 
under DFT diffeomoiphisms and O (D, D) transformations. It will turn out to be convenient to work with 
perturbations of the projection operators (12.21 ). rather than those of the generalized metric itself. These 
equations will serve as the starting point for our analysis in the following two sections of a non-Riemannian 
background corresponding to the non-relativistic closed string theory of [ 1], We begin with the DFT equa¬ 
tions of motion, which are obtained from the (formal) variational principle for the Lagrangian (12.111 ) by 
varying P -A P + 5P and P P + SP. Because P and P are constrained by the quadratic relations (12.21 ). 
the first order variations are constrained to satisfy 

5P + 6P = 0, PSP = SPP , SPP = PSP , (2.12) 

such that 

SP = PSPP + PSPP . (2.13) 

The variation of the semi-covariant curvature (12.91 ) takes the form 

SSabcd = V[aST b \cd + ^[cST D ] A r , (2.14) 

where the variation of the DFT connection (12.41) is given explicitly by 


ST CAB = 2 P [a D P B ] E VcSPde + 2(P [a D P B ] E - P[A° P B ] E )^ dSPec 
-73=T (Pc[aPb] D + Pc[AP B ] D )(d D Sd + P e[g V g SP e d] ) 
—Tfde S(V + V)cab fde ■ 

The variation of the Lagrangian (12.1 lb can now be written 


SC = - 2 C Sd + \e~ 2d S AB SP AB + \d A 


ab , t ( 


— 2 d( tjAC tdBD 


(pAUpVU _ pACpBDj §TBCD 


(2.15) 


(2.16) 



















where we have defined Sab = Sacb C ■ We thus obtain the two DFT equations of motioro 

(PSP)ab = Pa C Pb D Scd = o, C = \e~ 2d [(P^CpBD _ pACpBD )SABCD _ 2A] = 0. 

(2.17) 

Hereafter, the equivalence symbol, ‘ = ’ means the on-shell relation. The equations of motion for the 
quadratic fluctuations around an on-shell background are found by taking the on-shell variations of the 
equations of motion (12.171 ). which are 

5C = le-^CpBD _ pACpBD^y A5TBCD 

= e~ 2d [\{P AB - P AB )\7 A d B 5d - |V A V B dP AB ] , (2.18) 

and 

5(PSP)ab = 2 P A C pB D Vcd D 5d + \{P a C ^b D ~ A a c Pb D )SP C d ~ 2 (PSP5PP) ( ab) 

= 2 P A C pB D Vcd D 6d + \{P a C ^b D - A a C Pb D )SPcd , (2.19) 

where we have defined a pair of second order (semi-covariant) differential operators, 


A a B := Pa B P CD V c Vd ~ 2 P a d P bc (V C Vd ~ S CD ), 
A a b ■= Pa b P cd V c Vd - 2 Pa d P bc {V c V D - S CD ) • 

In summary, we have the following results: 


( 2 . 20 ) 


The DFT fluctuations 5d and SPab satisfy the equations of motion: 

(. P AB - P AB )V A d B 5d - 2VaV s <TP as = 0, (2.21) 

P A C pB D Vcd D Sd + \{P A C A b d - A a C Pb D )SP C d = 0. (2.22) 

2 Note the following equivalence due to the projection property, 

(PSP) (AB) = 0 -«=► ( PSP) AB = 0 . 
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These two relations can be also derived from the following effective Lagrangian for the fluctuations 
around a given on-shell background, 

£ cff . := e~ 2d [i(P - P) AB d A 5dd B 5d - ±d A 5dV B SP AB + \5P AB {K A C P B D - A A C P B D )5P CD \ ■ 

(2.23) 

Gauge symmetries. As we show in the next section, the expressions (12.21H2.23l) . as off-shell quantities, 
transform completely covariantly under DFT diffeomorphisms, given in terms of the generalized Lie 
derivative acting on each field, 

5xd = Cxd, SxPab = P-xPab , $x:{5d) = Cxdd = X A d A 5d , Sx(dP AB ) = Cx^Pab ■ 

(2.24) 

Furthermore, the two equations of motion (12.211) . ( 12.221) are also covariant under the linearized diffeo- 
morphism transformation Sy, which acts according to 5yd = SyP AB = 0 and 

5y(5d) = iyd = -\e 2d Cy{e- 2d ) = Y A d A d - \d A Y A , Sy (5P AB ) = C Y P AB . (2.25) 


Note that, although the cosmological constant, A, does not appear explicitly above, its effect is included in 
the dependence on the on-shell background, which solves (12.171 ). The effective Lagrangian (12.231) can also 
be derived directly by expanding the original DFT Lagrangian (12.111 ) to second order in the fluctuations. To 
do so, one must take care with the constraints (12.21) . which imply that the quadratic variation of P, P are 
non-zero. Instead, the variations take the form 

d •-> d + Sd, P ^ P + 6P + P(dPj 2 P — P(5P) 2 P. (2.26) 

As shown explicitly in Appendix [A] the effective Lagrangian above (12.231) then agrees (up to total deriva¬ 
tives) on-shell with the second order variation of the original DFT Lagrangian , 

Ces. = ■ (2.27) 

2.3 Covariance of the Linearized Equations, and new 2 nd Order Differential Operators 

In this subsection, we check the full DFT diffeomorphism covariance of the fluctuation equations, (12.211) . 
(12.221) . explicitly. We start by recalling from |!5^] that the six-index projectors (12.61) govern the anomalous 
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(i.e. non-covariant) terms of the semi-covariant derivative and curvature under generalized diffeomorphisms: 


(5x-C x )Tcab = 2 [(V+P)cab fde - SjS B S B ]d F d [D X E] , 

n 

(■ 5x-C x )VcT Al ...A n = E ^+^)cA i BFDE d F d [D X m T Al ... A ._ lBAi+1 ... An , (2.28) 

i —1 


(■fix - £x)Sabcd = 2Vp4 ((' P+V) B][CD] EFG dEd[ F X G ]) + 2V[ C (('P+7 , )d][ab] jBjFG, 9e9[f-Yg]) • 


From the definition (12.61) it can be seen easily that any contraction of P with V, or of P with V vanishes. It 
follows then immediately that, by applying appropriate projection operators, one can construct completely 
covariant tensors from the semi-covariant derivative, for example |56]: 


Pc D P Al Bl ■ 

■ ■ PA n Bn VDTBi-Bn , 

P C D Pa r Bl - 

P A n 

Bn W D T Bl ...B n , 

P AB P C1 D1 ■ 

■ ■ Pc n Dn ^ aTbDi-Du , 

P AB P Cl Dl ■ 

' ' P C'n 

Dn X7 aTbdv-Dk , 

P AB P C1 D1 ■ 

• • Pc n Dn ^ TV BT Dl -D n , 

P AB P Cl D 1 ■ 

■■PCn 

^"V aV bTd^-Du 


Similarly, the following curvatures are completely covariant: 

(■ PSP) AS = Pa C Pb D S CD , ( pACpBD _ pACpBD^^^ (2 . 30) 

It is worthwhile to note also the identities for the completely covariant scalar curvature^] 

pACpBD Sabcd = pABg AB = pAC pBD g ABcD = _pAB ( 2 . 31) 

Next we define a pair of second order (semi-covariant) differential operators, 

V A B := ( P a b P cd ~ 2 P a d P bc )(X c Vd ~ S CD ), 

(2.32) 

3/ := ( P x a B P CD ~ 2 P a d P bc )(X c V d - S CD ) • 

These operators are closely related to A a B , A a B (12.201) simply by the completely co variant scalar curvature, 

®a b = A a b - Pa b P cd S C d , ®a b = A a b - Pa b P cd S CD • ( 2 - 33 ) 


3 These identities may be used to simplify ( 12.111 by showing that the first two terms are equal. However, in the full order 
supersymmetric extensions of DFT 141,,, 58|] the connection Fcab of equation 12.41 is no longer torsion-free, and the identity 12.311 
no longer holds. In this case, 12.301 is the correct covariant object. 
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The successive application of (12.281) yields for the semi-covariant second derivative, 


(Sx-Cx)V B VcT Al ...A n = 2 (V+P) B c GFDE d F d [D X E] V G T Al ... An (2.34) 

n 

+ Y 2{V+V) B A i GFDE d F d [D X E] \7cT Av .. Ai _ lGAi+1 ... An 
2=1 
n 

+ Y 2(V+P) CAi GFDE d F d [D X E] V B T Al ... Ai _ lGAi+1 ... An 
2=1 
n 

+ X] 2(6+6)^™ (V s e) F <9 [D X E] ) T Al ... Ai _ lGAt+1 ... An , 

2=1 

which in turn can be used to show that the following contractions of the new operators (12.331 ) with projectors 
are completely covariant second order derivatives, 


Va c Pb Ei • 

■ ■ PB n Dn TcD V "D n , 

£>a c p Bi Di • 

' ' PB n Dn TcD 1 -D n , 

(2.35) 

A a C P Bi Di • 

■ ■ PB n Dn TcD 1 -D n , 

A a c P Bi Di ■ 

• • PB n Dn TcD 1 -D n ■ 

(2.36) 


To the best of our knowledge these operators have not appeared in the literature before. They complement 
the known list of completely covariant tensorial differential operators (12.291 ) [56] (see also the appendix of 


for “Dirac” operators). 

From our list of completely covariant objects (12.291 ). (12.351) . (12.361) . together with the constraints (12.131 ) 
on SP, each term in (12.181) and (12.19b . 


P AB V A d B 6d, 
P A c P B D X c d D 5d , 


P AB V A d B 5d, 
P a c A b d 6P CD 


X a X b 5P ab , 

A A C P B D 5P CD , 


(2.37) 


can be seen to be completely covariant under both generalized diffeomoiphisms and 0(6,6) rotations. 
This establishes the complete covariance of the equations of motion for the fluctuations. 
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3 Non-Riemannian Sigma Models and Non-Relativistic Closed Strings 


Gomis and Ooguri [ 1] showed that there exist double scaling limits of the closed string whose symmetries 
are not the Lorentz group, but rather the non-relativistic group of Galilean transformations. While the 
Gomis-Ooguri string is described by a sigma model, it cannot be formulated purely in terms of the target 
space fields, needing additional worldsheet variables to construct the space of physical states. This makes it 
unlikely that its low energy excitations can be described simply in terms of general relativity. 

In this section we review the setup, limit and sigma model of the Galilean invariant string theory of [ 1], 
We then show that this non-Riemannian limit has a natural embedding into Double Field Theory, making 
Double Field Theory a natural candidate for describing the (generalized) geometric structure of the Gomis- 
Ooguri string. 


3.1 Non-Relativistic Limit of Closed String Theory and the Gomis-Ooguri Sigma Model 

The non-relativistic limit of [ 1 ] starts with a scaling limit of relativistic string theory incorporating com¬ 
ponents of a p-form gauge potential. States uncharged under this potential decouple, while charged states 
acquire a non-relativistic dispersion relation. While such limits exist for both open and closed string the¬ 
ories, as in [ 1 ] we will focus on the non-relativistic closed string limit employing the Neveu-Schwarz B 
field. 

Consider a closed string on flat space, g iw = r/ /tJy , winding around a compact spatial circle of radius 
R denoted by x 1 , with non-vanishing Bqi = B along this compact direction. We can further naturally 
introduce a speed of light c by splitting the spacetime coordinates x 1 ' = (x n . x l ) (a = 0,1 and i = 
2,..., D — 1) and rescaling the metric g af 3 in the x a sector equal to c 2 rj a g. The dispersion relation of a 
closed string winding w times around the circle is then 



wRB 


a 


7-Y 


k 2 + c 2 



+ 1(N + N- 2), 
a' 


(3.1) 


together with the level-matching condition wn = N — N. Here n denotes the x 1 momentum quantum, E 
the energy, and k l the momentum in the x l (i = 2,.... D — 1) directions. N and N are the stringy excitation 
numbers in the left and right moving sector, respectively. 

While we cannot take the c —>• 00 limit as is, if we also take B = c 2 — //, with // finite as c —>• 00 , then 
we obtain a finite dispersion relation 


^ W R 

E = /i —7—h 


oc 


a'k 2 
2 wR 


+ 


N + N -2 


ivR 


(3.2) 
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This dispersion relation is precisely that for a Galilean particle with mass and charge wR/a' and chemical 
potential /i, together with an intrinsic contribution from the string oscillators. Demanding positive energy 
states selects positive windings, w > 0. 

The essence of the limit is its near-criticality, with the divergence due to the winding mode mass exactly 
canceling the divergence due to the winding mode charge. 

To obtain a non-relativistic limit of the worldsheet theory, we once again rescale the metric in the x a 
sector by a constant, g a g = Grj a g, and take g.;g = 5ij in the other directions. Working in terms of light-cone 
coordinates 7 = X° + X 1 , 7 = —X° + A' 1 , the (Euclidean) string sigma model in conformal gauge has 
the form 

S = —^- f d 2 z ({G - B)d~fdp + (G + B)dpdg + 2dX i dX i ) . ( 3 . 3 ) 

47rcr J v 7 

We wish to take the limit G —>• 00 . While this is a singular limit of (13.31) . introducing Lagrange multipliers 

P,P we obtain the equivalent action 


5 = 2^7 / Sz + ^ ~ gTbW + " B)BlB i + dxlBxj ) • 

Setting B = G — g, the G —>• 00 is now straightforward, and we obtain the worldsheet action 

5 = — L J d 2 z ^ + dx l Bx^ . 


(3.4) 


(3.5) 


The third term in the action contributes only contact terms to correlation functions, but it modifies the energy 
in the winding sectors, shifting the spectrum by an amount proportional to the winding number w. // can 
therefore be understood as a residual chemical potential for the winding number. 

The string spectrum for this sigma model was calculated in [ 1 ] and in our notation takes precisely the 
form of equation (13.21) . In particular, there are no excitations at winding number zero. Note that to go from 
our notation to that of |l] one should make the following replacements: 


P —> a Pgo P 0 /Pgo 




a 


Q eff 


(3.6) 


In particular, the quantity /i takes the fixed value 4 in [if]. 


Finally, it was shown in [li [60|, |61J that we must take a simultaneous strong-coupling limit, which in 


terms of our parameter G takes the form g s = VGgo, with go held constant [ 1 , 60, 61']. go is the natural 
expansion parameter defining perturbation theory in string loops. 

The Gomis-Ooguri sigma model crucially involves the worldsheet variables P, P, yet these have no 
straightforward interpretation as geometric objects within standard Riemannian geometry. We now turn to 


14 














establishing an interpretation within the geometric framework provided by the sigma model formulation of 
Double Field Theory. 


3.2 A Double Field Theory Sigma Model 

As Double Field Theory is intended to make manifest T-duality, an inherently stringy symmetry, it should 
come as no surprise that the worldsheet theory of the string can be modified in such a way that the geometric 
structures of Double Field Theory become manifest. Such a description was found in |Ql, which gave a 
completely covariant worldsheet description of a string propagating in the doubled-yet-gauged spacetime 
described in the introduction. Recall that the doubled coordinate space is equipped with the equivalence 
relation (gauge symmetry) (11.61) . 

x M ~ x' M = x M + <\>d M p , (3.7) 

where cj) and ip are arbitrary fields satisfying the section condition. Clearly, the usual differential one form 
dx M is not invariant under this gauge transformation. Furthermore, it is not a tensor: its transformation 
under DFT diffeomoiphisms is not given by the generalized Lie derivative (11.21) . To construct a gauge- 
invariant one form requires a corresponding gauge connection, 

Dx m := dx M - A m . (3.8) 


As the connection is a ‘derivative index-valued vector’ which can be written as (the sum of) the form ( 13 . 71 ). 
‘ (j)d M p ’ (see also ( 13 . 131 )). it is natural to require the gauge potential to satisfy its own ‘section condition’ 

(c,f B)0 

A M d M = 0 , A m A m = 0 • ( 3 - 9 ) 


Thanks to the gauge connection, Dx M is a DFT covariant vector. Under the coordinate gauge symmetry, 
the transformation of A A1 is chosen such that Dx M remains invariant. 


A m —> A! m = A m + d($i<9 M $ 2 ), 


(3.10) 


Further, its transformation under DFT diffeomorphisms matches the action of the generalized Lie derivative; 
see [20 for details, especially the transformation rules of the gauge potential. 

4 It is also worth while to note that, if we regard A M itself as a DFT field so that d N A M On = 0 is satisfied then we may obtain 
a suggestive form of a “gauged section condition” like (8m + Am ) (d M + A M ) = 0. 
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On a string worldsheet £ with coordinates o a (a = 0,1), the doubled target spacetime coordinates and 
the gauge connection become worldsheet fields, X M (a) and (a), so that X : £ —> W D+D and 

DX m = d o a D a X M = da a (d a X M - A™). (3.11) 


The coordinate gauge symmetry is then realized literally as one of the local symmetries in the DFT world- 
sheet action proposed in [2]: 


5 = 


4 ^| s dV C , C = -±V=hh ab D a X M D b X N n MN {X) - e ab D a X M A bM 


(3-12) 


where the string tension is halved 20] and the gauge connection, A^' r , is taken as an auxiliary field to be 
integrated over in the worldsheet path integral. This action describes a string propagating in a doubled- 
yet-gauged spacetime given by a generalized metric T~L = P — P which satisfies the section condition. 
In addition to the coordinate gauge symmetry, the action (13.121) is also invariant under O (D,D) T-duality 


rotations as well as under DFT diffeomoiphisms 

d_ 

dx 


&■ 


By fixing the section as -A- = 0 (11.41 ). the derivative-index-valued gauge potential assumes the concrete 


form 


A M = A x d M x x = 0), 

which obviously solves the ‘gauged section condition' (13.91 ). It follows that 

D a X M = {d a X. - A a/I , d a X »). 


(3.13) 


(3.14) 


Note that the sigma model retains the local gauge symmetry 

SAafi = daXf,, SX, t = , (3.15) 

where the periodicity of large gauge transformations is fixed by the periodicity (if any) of X lt . 

With respect to this choice of the section, the generalized metric can then be classified into two types: 

• The Riemannian case is given by a generalized metric of which the upper left D x D block is non¬ 
degenerate, such that it admits the well-known parametrization in terms of the D -dimensional ‘Rie¬ 
mannian metric’ and the Kalb-Ramond 5-field, as shown in (11.81 ). In this case, after integrating out 
the auxiliary gauge connection we recover the standard string sigma model. 

Further, with the assumed non-degeneracy of the Riemannian metric, the equation of motion of the 
gauge connection implies the duality relation between X 1 ' and X t , on the doubled-yet-gauged target 
spacetime: 

g^D a X u - B\d a X v + -j=e a b d b X» = 0 . (3.16) 
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A Non-Riemannian generalized metric is characterized by a degenerate upper left D x D block, 
and so does not admit a Riemannian interpretation with respect to the section choice D l —1 (also 
c.f. [63]). The equation of motion of the gauge connection does not generically imply the standard 
duality relation (13.161) . but a modified duality relation, which we consider in more detail in the next 
section. 


3.3 Non-Riemannian Backgrounds of DFT 

To better understand the “non-Riemannian” case, let us review a particular class of such Double Field Theory 
backgrounds obtained in |Q] by T-duality, and their realization by the sigma model (13.121) . 

As in |Q], we start with a generalization of the exact solution of supergravity obtained in [64] corre¬ 
sponding to a macroscopic fundamental string geometry in ten dimensions 


ds 2 = / 1 (— dt 2 + (dx 1 ) 2 ) + (dx 2 ) 2 + • • • + (dx 9 ) 2 , 

B = (f~ 1 — c)dtAdx 1 , e _2< ^ = /e -2 ^ 0 , (3.17) 

/ = l + S. r 2 = EL 2 (*“) 2 , 

where Q is the number of string quanta, and ® 0 and c are constants. Note that 1 — c is the chemical potential 

for winding charge; as a result, when x 1 is compactified, we must take c E (0, 2), otherwise the background 

is unstable to the spontaneous condensation of winding strings. (If x 1 is non-compact then c is pure gauge 
and can be removed.) This solution splits the spacetime into the directions parallel and transverse to the 
string, transforming under an SO(l, 1) x SO( 8 ) subgroup of SO(l, 9). In the following, the greek letters 
a, (3, 7 , 6, ■ ■ ■ denote the Minkowskian SO(l, 1) vector indices subject to the flat metric r/ a p = diag(—f), 
and the roman letters i,j, k,£- ■ ■ are for the Euclidean SO( 8 ) vector indices with flat metric Sij. The 
doubled coordinate X M splits into ( j Xj 5 X j X ), and so the generalized metric decomposes into sixteen 
blocks, as (2 + 8 + 2 + 8) x (2 + 8 + 2 + 8). Further, with the 2 x 2 anti-symmetric Levi-Civita symbol, 
£a/3 = —£p a , £oi = + 1 , we set 

£ a p = rT£^ = ~£p a = ~ W“ . (3-18) 

which satisfies 

£ a p£P y = S a 7 . (3.19) 
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Now we perform an O (D, D) rotation (i.e., a T-duality) which exchanges the 


(t, x 1 ) and it. x\) planes^] 


/ 


'Hab 


Oa c O b d 'Hcd , O a b = 


0 0 rf*P 0 


0 S l j 0 0 


to obtain a new generalized metric of the form 

( 


T~Lmn = 


c(2 — cf)r] a P 0 (1 -cf)S a p 0 

0 S ij 0 0 

-(1 - cf)Sj 0 fVa /3 0 

0 0 0 Sij J 

corresponding to the geometric configuration 


V 


ds 2 = £ , 2 -cf) ( _ df 2 + (dx 1 * ) 2 * ) + (dx 2 ) 2 H-b (dx 9 ) 2 


6 ( 2 - 6 /) 

B = ~I(0if) dtAdxl ’ 

e _2< ^ = e _2 ^°c(2 — cf). 


lia/3 0 0 0 

\ 0 0 0 V 


(3.20) 


(3.21) 


(3.22) 


For non-vanishing c this metric is non-degenerate and well-defined. In the geometric representation (13.221 ) 
the limit c -A 0 appeal's inconsistent, as the fields in (13 .22b become either singular or vanish everywhere. 


3 Note that the O (D, D) rotation here may not correspond to the traditional T-duality rotation. In backgrounds with isometries, 

we choose the coordinates, x A = (x a ,Xi, x a ,x l ), such that the background fields are independent of Xi and x 1 = (x^x 13 ). 

In such backgrounds, a global 0(D, D ) rotation, Hab -A Oa C Ob D Hcd with Oa B = (J ) € O (D, D ) (keeping the 

coordinates fixed), transforms the equation of motion of DFT covariantly. We used this rotation as a solution generating method. 

For discussions on T-duality along the temporal direction, see e.g. |65|<.663 and also on related subtle issues, see J67t!68il. 
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Nevertheless, the generalized metric (13.211) is well-defined even in the limit c —» 0, and becomes 


V-MN 


0 0 s a p 0 

0 8 ij 0 0 


-EoP 0 friap 0 

^ 0 0 0 Sij j 


The sigma model (13.121) then takes the following form: 


1 r _ 1 nil 

4 na' 2 na' ’ 


(3.23) 


(3.24) 


C" = -\V^hh ab d a X a d b X^ Va0 f(X) - ±^Tih ab d a X l d b X i + \e ab d a X 

+\V^h{A aa - d a X Q ) (£ a ph ab d b XP + -i=e ab d b X^ (3-25) 

-\V=hh ab (d a Xi + -fa.ea'dcXi - A a ^j (<9 b X* + -^ n e b e d e X i - A b ^j . 

Note that while the SO(8) sector of { X'. X t . A a i} agrees, up to constraints, with the standard sigma model, 
the SO(l, 1) sector of {X a ,X a ,A aa } takes a novel, more exotic form. In particular', the gauge field appears 
quadratically in (13.251) for the non-degenerate SO(8) sector, but only linearly in the SO(l, 1) sector. 
Integrating out all the gauge fields, the doubled yet gauged sigma model reduces to 


l 

2tyol' 


-\V^hh ab d a X a d b XPr, af} f(X) 


\yf=hh ab d a X a d b X a + \e ab d a x^d b x» 


(3.26) 


where now the two of the ‘ordinary’ coordinate fields are constrained to satisfy a self-duality constraint, 


d a X a + -^==e a b £ a pd b XP = 0. (3.27) 

This is in contrast to the non-degenerate SO(8) sector of which the ordinary and the dual coordinate fields 
are related by the standard self-duality relation (13.161) . Note that upon the self-duality (13.27b . the second line 
of (13.251 ) vanishes. 

To summarize, even for the degenerate sector for which the Riemannian metric is ill-defined, there exists 
a sigma model type Lagrangian description involving a self-duality constraint. 
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3.4 The Gomis-Ooguri Background in Double Field Theory 

The doubled geometry (13.231) is in fact a solution for any harmonic function / of the variables x l . The 
simplest case is to let / be a constant, and we show here that the doubled sigma model on this background 
is in fact precisely the Gomis-Ooguri non-relativistic string. 

This background is flat, and thus exists for the bosonic string as well, so we return to the general case 
of D spacetime dimensions. The sigma model coordinates split into two types, X a = (X (> . X ] ) and X 1 . 
The X 1 coordinates form (D — 2)-dimensional Euclidean space as usual, so we focus on X a . Denoting the 
generalized coordinate for X a by X A = (X a ,X a ), the background g a p = G rj a p, B a p = (G — //) e a p 
considered in section [3TT1 corresponds to the doubled geometry 


Hab 


Ln<xP 

g'I 


G—n ca 
G C /9 


\- 2 gria/3 


(3.2%) 


Taking the limit G -A oo and identifying / = 2//, we obtain precisely the flat non-Riemannian back¬ 
ground (13.231) . Looking at the DFT dilaton field d, we also have in our coordinate system 


—2d 


= V?e- 20 = GgJ* = g~ 0 


-2 


—2 


(3.29) 


so that d remains finite in the G -A oc limit. Thus the Gomis-Ooguri limit is a non-singular configuration of 
DFT, and as such we expect that the worldsheet DFT sigma model should provide a manifestly non-singular 
sigma model description on this backgrounds. 

In fact, it is now straightforward to see that, after gauge-fixing, the gauge fields A aa of the previous 
section are nothing other than the f3,f3 Lagrange multipliers of the Gomis-Ooguri sigma model, and that the 
modified self-duality constraint (13.271 ) is the constraint imposed by them. 

Let us make this more apparent. We now work in conformal gauge on the worldsheet, h a b = e 2 ^^, 
and switch to light-cone coordinates, both on the worldsheet = a 1 ± <r°) and in the target spacetime 
(7 = X 1 + X°, 7 = X 1 — A^°). Next, recall that we have a gauge symmetry 5X a = A a , 5A aa = d a \ a , 
which we can fix completely (including large gauge transformations) by imposing X a = 0. Inserting these 
conditions into the (X a , X a , A aa ) sector of the Lagrangian (13.121) . we obtain 

£ 0,1 = —2c?_7^4_|_ + 2d + yA_ — /(<9 + 7<9_7 + <9 + 7<9_7). (3.30) 

Make the identifications A + = 5, .4_ = —/3, and / = 2//, and perform a Wick rotation on the world- 
sheet coordinates, (cr + , cr~) -A- (z. z). Then, after an integration by parts that (having vanishing boundary 
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contributions in our background) is harmless, we obtain precisely the action of the (/?, 7, j3, 7) sector of the 
Gomis-Ooguri string found in equation (13.51 ). 

The construction in section 13.31 of a similar GO-like background using T-duality raises an important 
question. In standard toroidal compactihcations, T-duality has the effect of exchanging winding number w 
and momentum n on the duality circle. In the GO dispersion relation (13.21) . however, they appear asym¬ 
metrically. Indeed, n does not appear at all; instead, it contributes only to the level-matching condition 
wn = N — N. Nonetheless, because the background (13.231) is non-degenerate in Double Field Theory, 
0{D,D) invariance still guarantees us a T-dual theory ( c.f foonote [5]), which is equivalent when stringy 
excitations are included. We can now see the correct interpretation of this duality: in the c —>• 00 limit of 
equation (13.11) . T-duality becomes an identity relating two worldsheet theories with different field content — 
a light-cone sigma model, and the GO sigma model. 

3.5 Generalized Diffeomorphisms and Galilean Symmetries 

Having established that the Gomis-Ooguri string arises as a consistent background of both the bulk action 
and the worldsheet sigma model of Double Field Theory, we now turn to the question of symmetries. The 
algebra of infinitesimal symmetries of the spectrum of fluctuations around some background geometry is 
typically determined by the algebra of Killing vector fields of that geometry, i.e. the gauge parameters 
for which the generalized Lie derivatives C^Hab and CaI both vanish. 

As the Gomis-Ooguri string has a Galilean-invariant spectrum, it is natural to expect that the Galilean 
algebra (or rather its central extension, the Bargmann algebra) is realized by the generalized Killing fields 
of the Gomis-Ooguri background in DFT. The Bargmann algebra has generators H, Pi, Mij, Bi, N cor¬ 
responding respectively to time and space translations, rotations, Galilean boosts, and the particle number. 
The non-vanishing commutators take the form 

[Bi,H\ = Pi [Bi, Pj] = SijN [Mij,P k \ = 5 ik Pj - 5j k Pi 

(3.31) 

[Mij, B k \ = 5i k Bj — 5j k Bi [M^, Mm] = < 5 * k^jt ~ ^u^kj ~ + 5jiM ik . 

A natural representation of vector fields f ; A1 = (A M , X 11 ') in doubled geometry is to write £ = £ m 9m = 
X 1 ' d IL + X^l) 1 '. Imposing the Killing condition 

B(Hab = fdcUAB + ’Hac(^b£ C — d c £b) + ^cs(^a£ c — 9 C ^a) = 0 (3.32) 
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on the Gomis-Ooguri background, we find the following gauge parameters generating global symmetries: 


H = -d t Q = -<9i (3.33) 

Pi = -di N = - 8 1 (3.34) 

Mij = —(x l dj — x^di) Bi = — tdi — x l d l , (3.35) 

together with pure S-field gauge transformations acting trivially on physical states. Unlike in standard 
geometry, DFT gauge transformations are commuted using the C-bracket 

[f > V]c = i A {d A r} B )d B - V A (d A £ B )d B - ^ A (d B rj A )d B + ^r] A (d B ^ A )d B , (3.36) 


and it is straightforward to verify that under the C-bracket these transformations close on the Bargmann 
algebra (13.311) (supplemented by the U(l) generator Q), giving a natural realization of Galilean symmetry 
within the doubled geometry of Double Field Theory. 


3.6 A Doubled Geometry with Schrodinger Conformal Symmetry 


Let us now take a short detour from our main line of development, and consider potential applications of this 
new realization of Galilean symmetry in gravity. Likely the most important manifestation of non-relativistic 
symmetry algebras within gravity and string theory during the past several years lies in the attempt to con¬ 
struct gravitational duals to non-relativistic field theories. Just as many of the important properties of the 
original AdS/CFT proposal relied heavily on the relationship between the geometric symmetries of a grav¬ 
itational background and the global symmetries of the dual theory, the strategy here was to find geometries 
whose geometric symmetries reproduce the algebra of symmetries of a dual non-relativistic scale-invariant 
theory. The most restrictive - and, thus, most useful - symmetry algebras arc those whose symmetry al¬ 
gebras contain the Bargmann algebra (13.311) . and it was precisely theories with these symmetries which 
initiated the study of the non-relativistic gauge/gravity correspondence in 132 . 690- We restrict ourselves to 
this case in the remainder. 

Unlike relativistic theories at scale-invariant fixed points, there is no reason for time and space to scale 
the same way in a non-relativistic field theory. The parameter characterizing this discrepancy is the dynam¬ 
ical critical exponent z, and the scaling symmetry of the dual field theory takes the form 


1 1 —y A" t . 


x i->- A x . 


(3.37) 
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The infinitesimal generator D of these transformations has the following commutators (C-brackets) with the 
Bargmann generators: 


[D,H\ = zH, [D, P 7 ] = P t , [D,Bi] = -(z-l)Bi, [D, N] = —(2—z)N , 

Finally, for the special case z = 2 an additional generator C with commutators 


[D, Mij} = 0 . 
(3.38) 


[C,H\ = D, [C,D] = C, [C,Pi\=Bi , 


[C, Bi] = [C, M^} = [C,N} = 0, (3.39) 


can be added to the algebra. The algebra spanned by (7/. I), C, Pi, b> t , M r] . N) is called the Schrodinger 
conformal algebra, and C, the special conformal generator. 

Section [331 gave a natural realization of the Galilean algebra in DFT, and it is natural to expect that one 
can also write down non-Riemannian DFT geometries whose symmetries are the Schrodinger conformal 
algebra, as we will now show. Here, we assume the section condition 8^ = 0, and as before, we split 
the generalized coordinates as M = (A, I), although we will write all expressions in terms of the original 
spacetime coordinates x a = (t. x ] ) rather than light-cone coordinates. Further breaking up the coordinates 
x' = (x m , u), consider a spacetime configuration given by 


T-Lab 


( 0 CT“,(«) ^ 

II 

( u 2 58 0 \ 

\ vo?(u) n a0 J 


y 0 u ~ 2 5 ij J 


Hai = 0, 



0 ) 


( 0 -u 2 \ 

II 

£ 


, a Q p(u) = {a^iu)) 7 ^ = 



<M 

1 

s 

0 

0 / 


(3.40) 


Here u plays the role of the radial coordinate in the standard Poincare patch. The action of a DFT gauge 
transformation £ on T~i takes the form 


t(H a p = 2aJ a dp)Xj - 2d 1 \( a a'p ) + 2U l{a 8 0) X^ + \ u d u H a0 , = 0, 

C(H a p = d a XX 13 + \ u d u oi , CfHj = H ij (d a Xj - d 3 X a ) - o2 l 8 1 X i , (3.41) 

t(Hij = 2^ fc(i a i) A fc + A u 8 u U Lj , t{H.? = W k (8iX k - d^Xf) 

t(H ai = H ij 8 a X j + U^diX 1 + ^(<9^ - 8 1 Xf) CfH ai = -H ij 8 j X a (3.42) 
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and those related to them by the constraint 'H a c 'H b d 'Dcd = Jab■ Solving 11JH. = 0 for £, we find the 
following generalized Killing vectors: 

H = — dt , D = —ztdt — x m d m — ud u — (z — 2)x 1 d \, 

Pm = -dm , Bm = ~td m - x m 8 1 , (3.43) 

N = -d 1 , M mn = -{x m d n - x n d m ). 

(plus d\ and the trivial /i-field gauge transformations), comprising the scale invariant Galilean symmetry 
algebra with dynamical critical exponent 2 . Caution must be taken when interpreting the C-bracket commu¬ 
tators of these generators. For example, the C-bracket of D and B m takes the form 

[D, B m ] c = ~(z - 1 )B m - ^J(x m d 1 + x l d m ) = ~(z - 1 )B m - J-^d M {x 1 x m )d M ■ (3.44) 

Flere it is important to note that the potentially “anomalous” term, d M (x 1 x m )dM, corresponds to the kernel 
of the generalized Lie derivative, i.e. jC d M( x i x m\ = 0, and is also a trivial coordinate gauge symmetry. Thus 
it can be set equal to zero when acting on physical states, and with this in mind the commutators take the 
desired form (13.381) . 

When z = 2 there is an additional symmetry generator, 

C = — t 2 dt — tx m d m — tud u — ^(•'c 2 + u2 )§ 1 . (3.45) 

It is straightforward to check that in this case, under the C-bracket the generators satisfy the full Schrodinger 
conformal algebra. 

As in the case of the Gomis-Ooguri background, this geometry is related by T-duality to the well-known 
geometric Schrodinger background [69], and so in this sense (13.401) is not a fundamentally new configuration 
within string theory. Nonetheless, within the realm of DFT - where the choice of section condition is 
part of the definition of the theory - this background provides a novel (non-)geometric realization of the 
Schrodinger algebra in terms of the generalized diffeomorphisms of DFT. 
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4 Fluctuations in the Non-Relativistic Closed String Background 


In the previous section we saw that the structures and symmetries of DFT were capable of incorporating 
the Gomis-Ooguri limit of the closed string: we showed that the DFT sigma model reproduces the Gomis- 
Ooguri worldsheet theory, and gave an embedding of the Gomis-Ooguri limit in DFT. We further showed 
that Galilean invariance embeds naturally into the symmetries of DFT, and further that there exist doubled 
geometries whose generalized isometries realize the Schrodinger conformal algebra. 

In this section we turn to dynamics. We show in particular that the fluctuations equations of DFT 
correctly reproduce the portion of the string spectrum with trivial (massless sector) oscillator excitations, 
i.e., the part of the string spectrum which descents from the massless sector of the relativistic (super)string. 


4.1 Spectrum of Double Field Theory on the Gomis-Ooguri Background 

DFT is the effective field theory of the massless modes of the string in a particular background, depending 
on the section condition, and provided that all scales in the corresponding geometry are much larger than 
string scale. Because the non-relativistic limit taken in section l3Tl sends the radius of the compact direction 
x 1 to infinity (by sending the speed of light c to infinity, c.f. the explanation around eq. 13.11 ). the natural 
section condition to describe the Kaluza-Klein sector of the Gomis-Ooguri string is 0 1 ' = 0, which projects 
out the winding modes. This is the primary section condition we are going to consider in this subsection. 
We will consider the alternative T-dual section condition when we analyze the spectrum of winding modes 
in the T-dual frame in section 14.21 

We start by adopting light-cone coordinates = -^(t ± x 1 ) and their dual coordinates = -^(f ± 
x l ). In the (x + . x~) basis, the tensors in (13.251) take the matrix form 




(-1 

0 ^ 


( 0 

-i) 



II 

e 



0 

1 J 


l - 1 

° / 


(4.1) 


We also introduce the alternative notation = £ a p, with indices unordered; in this background there is no 
background metric with which to raise or lower indices, so this causes no ambiguity. For clarity we consider 
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an arbitrary constant metric in the x l directions, so that the background is 


%MN = 


^ 0 0 £ a p 0 ^ 

0 gV 0 0 

-£oP 0 fri a /3 0 

y 0 0 0 gtj J 


(4.2) 


We wish to make the connection to the Gomis-Ooguri string, and so for simplicity we assume that / is 
constant, although the more general case can be treated with similar methods. 

Fluctuations are solutions to the linearized equations of motion (12.211 ) and (12.221 ). obtained by replacing 
Hab h > 'HAB + hAB, dt-A- d+ip and expanding to first order in the perturbations Hab and ip. The 0(1). D) 
condition 'Kj^ 'Hcb = Jab imposes the constraint (12.131 ) on perturbations. In terms of h a b this is 


hAB = —T~L a C hcD'H D B > 


(4.3) 


which in the chosen basis takes the explicit form 

h 0 * = , h a p = , (4.4) 

h m = -aph , h a p = -a%h^s<Tp - falh^rjsp - fg^h 1 & a 5 p - f 2 g ai h l6 g s ^ , 

V = b ik g kj , h ai = -fria-fh^gji - a^h^gji , (4.5) 

tij = ~9 lk b kj , = -g im h mn g , 


with bij an antisymmetric tensor. 

The first equation implies we can write h° 13 = h r/“4, S o that h ++ = h = 0 and /i" 1 = —h. It is 

possible to solve the rest of these constraints explicitly, but it is simpler to begin by fixing the gauge. 


4.1.1 Linearized Gauge Symmetries 

Assuming that / is constant, after linearization the generalized diffeomoiphisms take the form 

bhAB = C{Hab = T-iAcdBi° + T-LcBdA^ C ~ 'Hac9 c ^b — T-Lcb9 C '£a- (4.6) 
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In our decomposition, with £ M = (A M , A M ), 



^7 2c),yA^ a rT^ 4” -f^l~ : {( \ A' , 

5h a0 = 0, 

(4.7) 

ShJ = d a X Vi® - ald^ , 

5h ai = -g ij djX a , 

(4.8) 

5hJ = g ij (d Q Xj - dj~X a ) - aZd.X , 

5h a i = a^diX 1 , 

(4.9) 

$h ai = gijd a X J + frjajdiX 1 + crJipiXp - dpX *). 


(4.10) 


These allow us to choose the following gauge-fixing conditions. (There are residual symmetries we use 
later.) 

1. Use A" to fix h a p = 

2. Use X a to fix h a p = 0. 

3. Use A i and A* to fix h a i = 0. 

Imposing these conditions leaves us with the independent variables h. hij, bij, h a l , together with the rela¬ 
tions 

h a p = -^fh<Tp, h ai = , h a l = -f'q ai h 1 j g J \ (4.11) 

4.1.2 Gauge-Fixing and the Linearized Equations of Motion 

As our background is flat, V i = 8a ■ In terms of Hab and ip, the linearized equations of motion (12.2112.221) 
thus take the form 

d A d B hAB ~ 4 H AB dAdB^ = 0 , (4.12) 

(P a C A b d ~ A A C P B D )hcD + 8 P A C P B D dcdD'ip = 0, (4.13) 

where the differential operators (12.201) become 

A b d = (P B D P EF - 2 P B E P DF )d E d F , (4.14) 

A b d = ( P B D P EE - 2 P B E P DF )d E d F . (4.15) 
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With this form of the differential operators, the fluctuation equations (14.121) . (14.131 ) explicitly read 


= d A d B h,AB ~ 4' H AB dAdB^ = 0, 


£ab = 


2 (P%P§P DF - Pg P%P' 


D i,E tjCF\ 


+ P%PgH EF d E d F h CD - 8 P^PEdcdDiP = 0. 


(4.16) 


We now impose the gauge-fixing condition above, and expand in plane waves of momentum pp = 
( p+,p-,ki ), setting Hab(x ) = 1iabP p+x++w ~ x +lkiX \ We further decompose the fluctuations into spa¬ 
tially transverse and longitudinal components 


hij = hi-j + kiCf + kjCt + (kikj f) _ 2 

k 2 9ij)p + D 2 hgij, 

(4.17) 

bij = hjj + kiXj kjXi j 


(4.18) 

\ a = h( a + ki(t> a , 


(4.19) 

satisfying the transversality constraints A:' hP = Pb A = k'Xi = A:' hf n = 0, where we raised the index on 
the momentum by A: ? = g IJ A: ? . Using this decomposition, the complete equations of motion arc expressed 
in components in the following way: 

= 2p + p_h + 2A; 2 (p_0 p+0 + ) + D 2 k 2 [h 

(D — 3)k 2 p + 4(D — 2)ijj \, 

(4.20) 

£~ + = k 2 h , 

£~ + = 2 p+{k 2 (fr + p+h) 

(4.21) 

£-+ = fk 2 {p~4>~ ~ P+(j> + + jf h) + 8 p+p-il ), 

£_ + = 2p_{k 2 ^ + -p-h) 

(4.22) 

£-i = P-k m (hmi - b mi ) + 2 p 2 _h~ + ^k 2 hi~ + + 4 p-k^ 

, £~i = —k 2 h E ~ + p+kji , 

(4.23) 

£ i+ = p + k m (hmi + b mi ) - 2p+hf - ^ k 2 h + Ap+k^ 

, £j + = ~k 2 h E+ - p-kji , 

(4.24) 

£ij = 2 ki 2 p—hj + g k m {h n j b n j ) 



kj [2 p+h^ g k m (h n i + 6m)] k (hij bij) + 2kikjip- 

(4.25) 
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4.1.3 Solution of the Linearized Equations of Motion 

To build normalizable wave packets, there must be non-vanishing solutions to these equations with k 2 / 0. 
Moreover, to be propagating at least one of p_ and p + must be non-zero. Assuming these conditions, we 
now prove that all components of h a b vanish. 

Equation (14.211 ) immediately implies that h = 0. Supplemented by the gauge conditions (14.111) . we find 

that 

h a p = h a p = h a P = 0. (4.26) 

Equations (14.2114.221 ) now become p+4>~ = p~4> + = 0. We can use this, by multiplying £ _|_ by p+P-, to 

conclude that p'^p^'i/j = 0. Hence p_p + -i/>, must vanish. 

The vanishing of £ _ h reduces to fk 2 (p-4>~ — p+4> + ) = 0- Now there are two cases: If / / 0, we 

multiply £ _|_ by p + and find that p_(i + = 0; similarly, p-4>~ = 0. Thus we have p+4> + = P+4>~ = 

p_(j) + = p-<ir = 0; but by assumption at least one of p + and p_ is non-zero, so we conclude that 
(j) + = 4>~ = 0. If, on the other hand, / = 0, then we consider the gauge transformations X ^. This gauge 
symmetry was fixed by imposing conditions on and h a p. From ( 14.71 ) we see that if / = 0, A is a residual 
gauge symmetry whenever p+A - = p-X + = 0. Setting A + = (j) + and A - = the equations of motion 
imply that indeed A 1 * 1 are residual gauge transformations. Under these transformations, Thus 

we may always take (lr^ = 0. The right-hand equations in (14.2314.241 ) arc now fq = 0, so we conclude that 

hf = h ai = h ai = 0. (4.27) 


Now (14.201) reduces to 


h + (D — 3 )k 2 p + 4(17 — 2 )ijj = 0. 


(4.28) 


Using this, the left-hand sides of (14.2314.241) reduce to p_ (Q 1 = P+ = 0- The condition used 

to gauge-fix A* and A* was h a i = 0, which transforms as 5h±i = p± (g tJ A J ± A t ). If we set A* = 

A i = ~Xi~’ equations of motion imply that these are residual gauge transformations. For transverse 
gauge parameters, S(X = <j tJ A J and d'xj = A,;, so applying the transformation fixes Q 1 = xj = (•■ 

The final equation (14.251) now reduces to 


— — k z b£ + kik 


2 u± 






2 il>(D — 2 )h — k 2 p + 2^) 


D -2 


k 2 (h — k 2 p ) = 0. 


(4.29) 


The vanishing of the trace implies (k 2 p — h) + 2U = 0, while the trace-free scalar - part gives h — k 2 p + 
2 (D — 2 )r/> = 0. These two equations, together with £p = 0, imply that h = p = ^ = 0. 
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Finally, transverse part of (14.25b gives = bjj = 0. Thus we conclude that 


hij = bij = 0. (4.30) 

This shows that there are no normalizable fluctuations around the Gomis-Ooguri background satisfying the 
section condition 0 1 ' = 0, in agreement with the dispersion relation 13,21 ). 


4.2 The Spectrum in the T-dual Frame 


In the previous section we found a trivial spectrum on the GO background assuming the section condition 
= 0, which matches the GO spectrum (13.21 ) for zero winding number. It is also natural to consider the 
T-dual section condition: 8^ = 0 for /r ^ 1 and 8\ = 0. In the T-dual frame the winding number w becomes 
the dual momentum n, and so we expect the GO spectrum N = N = 1 to contain the non-trivial states 


E = 


ghR 


a' 


+ 


a'k 2 

2 Hr' 


(4.31) 


T-duality in DFT can be performed by conjugating by elements of 0(1). D). In the a sector the matrix in 
question has the form 


(' Oa B ) = 


^ 1 0 0 0 ^ 


0 0 0 1 


(4.32) 


0 0 10 

^ 0 1 0 0 t 


Conjugating by O , we find that the dual configuration is geometric, with metric 


ds 2 = —/ dt 2 + 2 dt dx + (dx 1 ) 2 , 


(4.33) 


a light-cone compactification. Here we have set 0 = x\, which has natural periodicity 0 ~ 0 + 2irR. 

In this configuration, the metric fluctuation Hmn takes the form 

bT = -g ttX g va h Xff , h^ = b^g x \ h>\ = -<f x b Xv , (4.34) 

with b /u/ antisymmetric. 
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The equations of motion can be adapted from above and read 


= P IJ 'P u h flu - 4p 2 ip = 0 , 

= P X P{»K) A - P 2 h^ + 2 PuPuip = o , 
£[/jv] = P X P[»K]\ +P 2 b^u = 0. 


(4.35) 

(4.36) 

(4.37) 


Under gauge variations = (A M , A M ), = p^\ v +p u A^ and 5b^ v = p^X^ — PvX^, so we may choose 
the gauge condition ho^ = bo u = 0. 

The (00) symmetric component reads 2 p^ip = 0, and so for a propagating mode, ip = 0. The 0 i 
components then imply that the remaining tensors are spatially transverse, [5 h V] = p l bij = 0. The remaining 
equations read p 2 hij = p l b l3 = 0, giving the mass-shell condition p 2 = 0. The number of degrees of 
freedom is the number of components of spatially transverse tensors. For hij this is — (£) — 1) = 

, and for bij, ( D ~ 1 K D ~ 2 ) — ( D— 1) = ^ D ~ 1 ^ D ~ 4 ) , giving a total of (D— 1) (D— 3) polarizations. 

The condition p 2 = 0 for the metric (14.331 ) yields the dispersion relation 


k 2 


E = \fpe + iz— ■ 
2 Pe 


(4.38) 


The radius of the 0 circle is given by R = a’/R, and so the 6 momentum is quantized in units of 1/R, 
po = If we introduce the chemical potential // = f/2 and insert these relations into the dispersion 
relation (14.381) . we obtain the Gomis-Ooguri spectrum at N = N = 1 given in equation (14.311 ). 

5 Conclusions & Outlook 


In this work we analyzed the target space dynamics of DFT around a non-Riemannian string background 
corresponding to the non-relativistic closed string theory of Gomis and Ooguri [1]. This non-relativistic 
closed string theory is, as reviewed in section [TT] a certain limit of a relativistic closed string compactified 
on a circle in the presence of an NS-NS .B-field. As we showed in section [3j the sigma model description 
of [1] can be embedded into the DFT sigma model oflB] where the Lagrange multipliers (3, j3 of [1] arc 
identified with components of the vector potential of |2(] implementing the coordinate gauge transforma¬ 
tions of the doubled-yet-gauged spacetime. The generalized metric (13.231) corresponding to this embedding 
is well-defined within DFT, but does not admit the usual decomposition in terms of metric and 77-field 
of equation (11.81) . Thus, it provides an example of a locally non-Riemannian background of closed string 
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theory 


The fact that the DFT sigma model of [2] reduces to the closed string sigma model of |1[] hence 
constitutes a nontrivial check of the validity of DFT, which goes beyond the purview of Riemannian geom¬ 
etry. 

In section [4] we then analyzed the spectrum of linear perturbations around this non-Riemannian DFT 
background, which describes the NS-NS sector of closed string theory. This is the main result of the present 
paper. We in particular showed (in section |4~H that, in accordance with [1], there are no perturbative 
propagating degrees of freedom in the Kaluza-Klein sector. We furthermore showed in section l4~2l that the 


fll. 


On 


spectrum of winding modes correctly reproduces the non-relativistic excitation spectrum found in 
the way, we also derived the explicit realization of the Bargmann algebra on the target space DFT manifold 
(section I33T) . and presented a novel DFT geometry with Schrodinger conformal symmetry (section IX6l ). 

In order to cany out the fluctuation analysis of section @J we first derived in section[2]a compact form of 
the bosonic DFT Lagrangian expanded to second order in fluctuations around a generic on-shell background 
(12.231 ) . expressed in terms of novel completely covariantized differential operators (12.351) and (12.361) . The 
compact expressions (12.211) . (12.221) and (12.231) . derived in terms of the variations of the projection operators 
(12.131) . enabled us to write the fluctuation equations in a simple form. We hope that the expressions (12.211) . 
(12.221) and (12.231 ) will also be useful for the analysis of the fluctuations in different physical setups, such 
as cosmological perturbation theory, or perturbations around D-branes and other soli tonic objects [70, Q 
within the DFT framework. 

We envision that both the general fluctuation analysis of section [2] as well as the ability of DFT to 
correctly describe non-geometric backgrounds as seen in section [3] and [4] will have further applications. 
For example, it may be possible to relate the non-relativistic limits of D-branes and membranes already 
discussed in [ 1 ] to new non-geometric and non-relativistic solitonic objects in DFT. In fact, recent definitions 
of conserved charges in DFT 174, 1731 may enable the study of such solitonic objects with Ramond-Ramond 
charges (D-branes) directly within the DFT setup. One instance of non-Riemannian geometry that would 
be interesting to analyze from the DFT point of view is the non-commutative geometry emerging on D- 
brane world volumes in the presence of NS-NS /i-ficlds [74]. On a related note, it would be interesting 


to search for novel boundary states within the DFT sigma model formulation |Ql- From the point of view 
of holography, it will be interesting to apply DFT to (partially) non-Riemannian situations which allow 
for a holographic dual description. This could for example include holographic backgrounds with non- 
Riemannian internal spaces, the Schrodinger geometries derived in section [3761 and variants thereof such as 


6 This locally non-geometric nature is distinct from T-folds and similar backgrounds, which are locally geometric but globally 
not: there, string duality transformations are used to glue together locally geometric descriptions. 
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Lifshitz or hyperscaling violating backgrounds. For example, one concrete application of DFT holography 
would be the derivation of the asymptotic symmetry algebra of the Schrodinger solutions (13.401) by means 
of the Brown-Flenneaux procedure. We plan to return to these and related questions in the near future [75]. 
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A Derivation of the Fluctuation Equations and Lagrangian 

In this appendix we will show in more detail the steps involved in deriving the linearized equations of motion 
(12.211) . (12.221) of the DFT Lagrangian (12.111) . focusing on the non-trivial part of the procedure. We will also 
prove that the new operators A a b (12.351) . (12.361) . in terms of which the linearized EOMs are expressed, arc 
indeed covariant. 

The strategy is as follows: starting from DFT Lagrangian (12.1 II) . we vary with respect to the DFT 
covariant fields Par and d to obtain the DFT EOM. We then vary these EOMs once to obtain the linearized 
fluctuation EOMs. The starting point of this calculation is the DFT Lagrangian (12.111) . Since there are 
two independent fields in DFT, Pab and d, there are two independent EOMs obtained from the variations 
51-Lab and Sd. The projector Par is built out of of the constant metric Jab and the generalized metric 
Pab, which leads to the following relations between SHab, 5 Pab, and SPab- 

Pab = \{J + P)ab, Pab = \{J ~ P)ab , 

5Pab = \5Pab , 5Pab = — \5Pab , (A.l) 

5 Jab = 0. 

The EOM of DFT are then obtained by varying (12.111) : 

SC = -\e~ 2d 5d(P AC P BD - P ac P bd )S A bcd 

+\e- 2d {SP AC P BD + P A CSP BD - SP AC P BD - P ac 8P bd )Sabcd ( a - 2 ) 
+\e~ 2d {P AC P BD - P ac P bd )5S A bcd • 

The first line in (1A.2I ) implies that the dilaton EOM is nothing but the Lagrangian itself, which should vanish 
on-shell. The second line is the EOM for the generalized metric Pab - and the last line is a boundary term. 
We are considering on-shell backgrounds only in this work, and we will not keep track of the boundary 
terms in the remaining calculations. Next we vary eq. dA.2t once more and collect the quadratic terms in 
the variations, to obtain the linearized EOM. In doing so a subtlety arises: The generalized metric Pab is a 
constrained object, with the constraint being 

PacP C b = 5Jab ■ (A.3) 
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This specific constraint relates the quadratic variation of the generalized metric with terms quadratic in the 
first variation of the generalized metric. It turns out that it is convenient to work with the projectors P, P, 
instead of the metric itself: 

S 2 P AC = ( 5P A I P B J + P A j6P B j + 5P A jP B j + P a ,8P R j)5P ij . (A.4) 

Ignoring the boundary term in eq. (IA.2I ) and performing another variation will then lead to the following 
result: 

\8 2 C = -\e~ 2d 8d(P AC P BD - P AC P BD )5Sabcd 

+ ±e~ 2d {5P AC P BD + pACgpBD _ 6 pACpBD _ 

+ ±e~ 2d (8 2 P AC P BD + pAC 5 2pBD _ § 2pACpBD _ pAC$2pBD^g AB(JD 

(A.5) 

= - \e~ 2d 5d{P AC P BD - P ac P bd )5S A bcd 

+ ±e~ 2d {5P AC P BD + pACfipBD _ 5 pACpBD _ pAC5 P BD )S Sabcd 
+\ e~ 2d {pACpBD _ p ac p bd^ Sab5 p ce5 pE d 

Note that arriving at the third line of the eq. (1A.5I) required the use of eq. (lA.4b . The remaining computation 
is tedious but straightforward, resulting in 

\5 2 C = ±e- 2d {{P E F(P AB PcD - P B c P A d) + Pef{P B c P A d ~ P AB P C d)}V a 5P ce V b 8P df 

+8 (P AE - P AE )d A 5dd E 8d - 8 d A 8dV E 8P A E + 4(pAcpBD _ pACpBD^^ 5PcE sp E n ]. 

(A. 6) 

In terms of our new second order differential operators, A a b ,A a b (12.201 ). the above expression can be 
simplified dramatically, 

\8 2 C = e~ 2d [\{P - P) AB d A 8dd B 8d - \d A 8dV B 8P AB + \8 P ab (A a c P B d - A a c P b d )8P C d\ ■ 

(A.7) 

This result coincides exactly with (12.231) . 

The final result of the linearized EOM should be covariant under the generalized DFT diffeomorphisms. 
This implies that the difference between generalized diffeomorphisms 5\ and the corresponding generalized 
Lie derivative C \ must vanish. The first and second terms of eq. (IA.6I) are rather trivially seen to be covariant 
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by imposing the relation (12.281) . However the last part including the A a b operator is not obviously covariant, 
since A a b contains second order semi-covariant derivatives. We will now show that the following second- 
order derivative is completely covariant. 


p Ai 

r h 


P r Ai ~ 1 A T G Pr ^ 
li-i li U+i 


■ ■ ■ P L n nT A 1 -A i _ 1 GA 


i +1 


”’A n 


(A. 8) 


Here the subscript index i merely indicates the position of the contracted 0(1). I)) index, G, and can be 
taken arbitrary among 1, 2, ■ ■ ■ , n. To compute the potential violation of covariance, (Sx — £-x), we recall 
the generic expression of the anomalous terms for the second order semi-covariant derivative, 


(5 x -£x)VBVcT Al -A n = 2(V+V) B c GFDE d F d [D X E] V G T Al ... An 

+ E”=i 2(V+P) BAi GFDE d F d [D X E] W c T Al ... Ai _ lG A i+1 ...A n 

+ E”=12(P+P)cA i GF ^5 F a [ pX E] v B r Al ... Ai _ lGAi+1 ... A „ 

+ EE 2(V+V) CA GFDE (y B d F d [D x E] )T Al ... Ai _ lGAi+1 ... An . 

(A.9) 


From this expression we obtain straightforwardly 


i ~"Ai— i GAi+\ ■■■A 11 

E 


(fix - tx)P h AnT M- 

= 4^ i GDEF ^3 [£ X F] V s T Al ... Ai _ lGAi+1 ... A „P /i • • • Pj A - 
+ 2 V B h GDEF VB d D d[E X F] T Al ... Al _ lGAt+1 -A n P h M ■ ■ ■ P ln A 

-W G h BDE FdDd[EXF ^ BTM ... Ai iGAi+i ... An P h A ' ■ ■ ■ P Jr A 
_ APi BGDE FwBdDd[E XF]TM ... Ai _ iGAi+v .. AnPli Al . . . P Jn A 

-AV T BGDEF dnd[F X F] V RTAl .. 


JD -Al TD A n 

‘■A-i—\G ■ ■ An j -^ j n 

+2V gb i . def ^ 


ii '^ B d D d [E X F] T Al ... Ai _ 1 GA i+v ..A n P Il Al ...P In A ' 
+2V L GBDEF X B d D d [E X F] T Al ... Ai _ 


„ . A P Al ■■■ P A ' 


r n ’ 


(A. 10) 
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which further simplifies to show the desired covariant property. 


(< 5 y - Cx)P h -P h ''•T Av .. A ,_,oA, tr ..A. 

^Vh/P> JR '-V RF s7 B i) rj ii [F x r (r A , ,. >c,. , a..K 


A! 


■Pr 


= 6j /iJ ip[ JSG n^]v s a [D a E x F] T Al ... Ai _ lGAi+1 ... An p /i Ai • • • p In 

= 0 . 


(A. 11) 


Similarly, one can show that the other operator, Pj Al ■ ■ ■ A L G ■ ■ ■ P 1 An TA v ..Ai- 1 GA i+v --A n , is completely 
covariant as well. 
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